We investigate a semiclassical conductance for ballistic open threedimensional (3-d) billiards. For partially or completely broken-ergodic 3-d billiards such as SO(2) symmetric billiards, the dependence of the conductance on the Fermi wavenumber is dramatically changed by the lead orientation.
I. INTRODUCTION
Concave and convex billiards as prototypes of conservative chaotic systems have received a growing theoretical and experimental interest in the fields of nonlinear dynamics and statistical mechanics [1] . These billiards are nowadays fabricated as quantum dots or antidots in ballistic microstructures where the system size is much less than the mean free path ℓ(∼ 20µm) and larger than the Fermi wavelength (λ ∼ 50nm) [2] . Since the striking experiments on the magneto-conductance of nanoscale stadium and circle billiards with a pair of conducting leads [2] , quantum transport phenomena have been intensively investigated [3] . Some salient features of experiments well agreed with the semiclassical theory, where a semiclassical conductance formula was derived for two-dimensional (2-d) chaotic billiards by combining the semiclassical Green function with the Landauer formula [4, 5] . Subsequently, the semiclassical conductance formula was extended for integrable 2-d billiards [6] , and detailed numerical computation on circle billiards indicated that the conductance also depends on the lead orientation [7] . Recently, the dependence of the conductance on the lead orientation was found experimentally in a ballistic square billiard [8] .
At present, another important object of research on quantum transport is the threedimensional (3-d) billiard [9] . The ballistic 3-d quantum dots will be fabricated, for instance, by exploiting drying etching processess with focused-ion beams applied to Al x Ga 1−x As/GaAs/Al x Ga 1−x As double hetero-structures, which will be less than both the elastic mean free path and phase coherence length. The subject of this paper is to extend the semiclassical conductance formula for 2-d billiards to 3-d billiards and to investigate the quantum transport in open 3-d billiards from a viewpoint of the Arnold diffusion, a key concept in high-dimensional nonlinear dynamical systems. While Arnold diffusion is a classical phenomenon, an anomalous phenomenon like this in classical mechanics should have a quantum counterpart, which can only be analytically revealed by using the semiclassical theory.
II. SEMICLASSICAL CONDUCTANCE FOR OPEN 3-DIMENSIONAL

BILLIARDS
The conductance for open 3-d billiards connected to a pair of rectangular parallelpiped lead wires can be expressed by the transmission coefficient T as G =
2 , where t nm is the S-matrix element between the incoming mode m = (m x , m y ) and the outgoing mode n = (n x , n y ), and the double summation is taken over all propagating modes. The transmission amplitude connecting those modes at the Fermi energy E F reads as [10, 11] 
where v m and v n are the longitudinal velocities of electrons for the incoming and outgoing modes, respectively. x ′ , y ′ , z ′ and x ′′ , y ′′ , z ′′ are the local coordinates for the transverse (x, y) and longitudinal (z) directions (inward the billiard for z ′ and outward for z ′′ ) of the incoming and outgoing leads, respectively, and G(x ′′ , y ′′ , z ′′ ; x ′ , y ′ , z ′ ; E F ) is the Green function for an electron propagating from the entrance to the exit. ψ m (x ′ , y ′ ) and ψ n (x ′′ , y ′′ ) are the transverse components of the wave functions at the leads. To simplify the problem, the cross section of the leads is assumed to be a square with side length l. 
where S s and ν s are the action and Maslov index for a trajectory s, and v F is the Fermi velocity. The above semiclassical Green function was widely applied to derive the level density of both chaotic and regular billiards [12, 13] . Here, to avoid direct transmission without any bouncing at the billiard wall we may place a stopper inside the billiard.
In the integration in Eq. (1) )| for each trajectory s as | det(
For large mode numbers, the integration over the transverse coordinates in Eq.(1) can be performed in the stationary-phase approximation, and the transmission amplitude becomes
with 
Using Eqs. (3, 4) , we shall first analyze a completely chaotic 3-d billiard with a pair of conducting leads. In this case, the electron injected from the incoming lead will bounce at the billiard boundary in an ergodic way before reaching the exit, leading to amplitudes of the same order for both transmission and reflection coefficients. In the large mode number case, the summations over modes are replaced by integrations and the transmission coefficient
Noting the dimension of ( AsAu BsBu ) 1/2 to be l 2 , and using the diagonal approximation, the above integration can be evaluated as T ∝ (k F l) 2 . The conductance for 3-d chaotic billiards is thus given by G ∝
2 without any dependence on the lead orientations.
III. COMPLETELY OR PARTIALLY BROKEN-ERGODIC 3-D BILLIARDS
However, the situation will be dramatically changed for the case of completely or par- proportional to (k F l) 2 .) We shall then consider the parallel case (ii) when the incoming and outgoing leads are parallelly placed at points Q and C, respectively (see Fig.1 ). Each electron incoming from the entrance Q has the vanishing angular momentum, L Z = 0, and thereby can reach C or return to Q with probability of the same order. Therefore, for this
Generally, in completely or partially broken-ergodic 3-d billiards, we have G ∝ (k F l) 2 . In general we shall expect a more general result, G ∝ (k F l) β with 1 < β ≤ 2, and the exponent β depends on the width of AW. A crucial point is that a B field has increased the exponent in the power-law behavior of the semiclassical conductance in case of the vertical lead orientation. This anomalous phenomenon is just the negative magnetoresistance beyond the weak localization. We here keep to employ the terminology of the negative magneto − resistance wherever a B field reduces the zero-field resistance.
On the other hand, for the parallel lead (Q, C) orientation where each electronic trajectory lies almost in the vertical plane, G ∝ Before moving to the next section, we should note: Originally, the negative magnetoresistance was evidenced in the numerical analysis of the conductance of 2-d quantum dots [4] . The accompanying theory, based on the resistance, manipulated backscattering orbits and attributed this phenomenon to the weak localization [4] . Later works [5] based on the conductance, which introduced the small-angle-induced diffraction effect together with an idea of interference between a pair of partially time-reversal symmetric orbits [5] , swept away a cloud (i.e., breakdown of unitarity) hanging over the above theory. All our results in the present section have been obtained just within the same primitive analysis of the conductance as the original one for 2-d dots.
V. NUMERICAL RESULTS FOR OPEN 3-D ELLIPTIC BILLIARD
To numerically verify the above prediction, we shall choose a SO ( is the velocity unit corresponding to the lowest mode.) For B = 0, the trajectory from the entrance A with an arbitrary initial velocity vector lying out of Z − Y plane proves to be confined to a torus (see Fig.2(a) ), failing to reach the exit C, i.e., S = π/2. Let η (≡ ℜ/ℜ c ) be the ratio between the cyclotron radius ℜ c and the characteristic length ℜ of the cross-sectional ellipse (see the caption of For example,
. While M and ν (Maslov index) can be computed by the method suggested in Refs. [9, 18] , the first and last rotation angles in M should be determined by using r Eqs. (3,4) , the semiclassical conductance is calculated explicitly. The result, which includes both the classical contribution and the quantum correction in an inseparable way, is plotted in Fig.3 . Although the data show small fluctuations, the fitted curves for their means are
k F l in cases of B = 0.02B 0 and B = 0, respectively, confirming the analytic issue suggested in the previous section.
The increase of the exponent in the k F dependence of G upon switching on a weak field, which cannot be seen in 2-d cases, provides a numerical evidence that the negative magnetoresistance (: a difference between two lines in Fig.3 ) in 3-d systems comes from AD as well as the weak-localization correction.
VI. SUMMARY AND DISCUSSIONS
We have investigated semiclassical quantum transport in three-dimensional (3-d) ballistic quantum billiards, and explored novel phenomena that cannot be seen in 2-d billiards. For partially or completely broken-ergodic 3-d billiards such as SO(2) symmetric billiards, the dependence of the conductance G on the Fermi wavenumber k F is dramatically changed by the lead orientation. In case of the vertical orientation, a symmetry-breaking weak magnetic field turns out to increase the exponent in k F dependence of G. In marked contrast to the 2-d case, the anomalous increase of the conductance should be caused by the Arnold diffusion (AD) as well as a weak localization correction.
We should note the following:(i)In an extremely weak field case when the width of Arnold web (AW) is thin enough, we shall see G ∝ (k F l) β with 1 < β < 2. Our numerical calculation in the previous section suggests that, to have β = 2 in a very large k F regime, ℜ/ℜ c should be no less than 10 −2 ; (ii) role of a stopper is also essential. Reflection at an inner convex wall should increase the instability of orbits, which is favourable for a genesis of AD; (iii) to clearly observe AD, the symmetry-breaking field should destroy all constants of motion except for the energy. From this viewpoint, it is more advantageous to choose a SO(2)-symmetric 3-d chaotic shell billiard generated from a fully-chaotic 2-d billiard with a hollow by its rotation around the Z axis. The billiards of this kind, which are partially brokenergodic, are experimentally more accessible than a (completely broken-ergodic) elliptic shell billiard, and all conclusions for the latter should hold for the former as well.
Finally, we point out the role of temperature in observing the effect of AD on the conductance. At finite temperatures, the conductance is related to the scattering matrix as G = with L the length of trajectories. For the vertical lead orientation, this factor suppresses very long trajectories reaching the outgoing lead along the Arnold web, and thereby the negative magneto-resistance is described only by the weak-localization correction. On the other hand, if the temperature is lowered, the self-averaging over k F is not permissible, leading to a suppression of the weaklocalization correction. Then the increment of the magneto-resistance is mainly caused by the effect corresponding to the Arnold diffusion. We hope that a future experiment on 3-d ballistic cavities can verify our prediction.
